In this paper, we analyze the effects of primary production, producer infills and repressurization by water injection in a low-permeability, compressible, layered reservoir filled with oil, water and gas. The sample calculations are for the California Diatomites, but the equations apply to other tight rock systems. Primary oil recovery from rows of hydrofractured wells is described by linear transient flow of oil, water and gas with the concomitant pressure decline. During primary, it may be desirable to drill infill wells to accelerate oil production. At some later time, the infill wells may be converted into waterflood injectors for pressure support and incremental oil recovery. We analyze the pressure response and fluid flow rates for the original wells and infill wells drilled halfway between the original wells, and -finally -from water injection at the infill wells. All of the formation and fluid properties are described by a single hydraulic diffusivity assumed to be independent of time and production or injection. We solve the onedimensional pressure diffusion equation analytically using pressure boundary conditions at the original and infill wells and use superposition to account for the water injection. We give solutions for the pressure in the formation, oil, water and gas rates and cumulatives at both the original wells and infill wells as functions of time. Finally, we present a computational example of oil production from a stack of seven independent diatomite layers with different properties and show the effects of infill wells and water injection on the total oil production. We show that a single-layer analytical solution and a 1-D numerical simulation for primary production in the diatomite agree well. Our analysis can predict the onset of pressure depletion and quantify how long to produce from the infill wells before injecting water. We show that producing from the infill well for a few years significantly increases the production from the field and can minimize the lost production at the infill well because of conversion to a waterflood injector.
Primary oil production on 2-1/2-acre spacing, followed by infill to 1-1/4 acre and subsequent conversion to waterflood is of great interest to the producers of the diatomaceous oil fields. We start from the mathematical formulation of the problem. We then present a computational example of a seven-layer diatomite reservoir. We also compare a single-layer analytical solution for primary production with a 1-D reservoir simulation. In Appendix A, we list several correlations of PVT properties of oil and solution gas.
PROBLEM STATEMENT
In a compressible, homogeneous porous medium, the pressure distribution follows a simple diffusion equation. With suitable boundary conditions and an initial condition, the pressure and fluid velocity in the medium can be calculated analytically.
In this paper, we analyze a reservoir at some uniform initial pressure p i at t = 0. First, we drill a series of wells with spacing 2L and wellbore flowing pressure p well . All wells are hydrofractured, and all of the fractures are rectangular and have permeabilities that are much higher than the formation permeability.
Therefore, we can assume that the uniform pressure p well is imposed throughout the entire hydrofracture. Second, at some time t inf , we drill infill wells halfway between the original wells and also produce these wells at p well . Third, at time t inj , we inject water into the infill wells at the downhole injection pressure p inj and continue producing at the original wells. This final step is to quantify the effect of repressurization of the formation.
This statement of primary production, followed by infill and injection, is a simplification of what actually occurs. Here we assume uniform and constant properties in each layer and constant pressures in the wells, and we neglect the effect production and injection may have on fluid and rock properties. We assume each of the layers in the reservoir is independent, solve the problem for each layer separately, and add the individual layer solutions. These assumptions allow us to derive an analytical solution that can show us the effect of each of the system parameters on the production.
Original Primary Production
The one-dimensional pressure diffusion equation is
where
is the hydraulic diffusivity, which accounts for the total compressibility of the formation, c t , and the total fluid mobility, λ t . All of the formation and fluid properties are combined into the single constant parameter α (see Appendix A).
As mentioned, we assume α remains constant during production and injection.
From symmetry we write the equations only for 0 ≤ ≤ x L, where the original wells are at x L = ± . The initial condition is uniform pressure everywhere in the
The boundary conditions for primary production are
Before the infill time, the symmetry halfway between the original wells at x = 0 requires a no-flow boundary condition, which is specified by the gradient of the pressure being equal to zero. The pressure at the primary production well at x L = is specified as the well flowing pressure.
This system of equations can be solved by separation of variables. 7 The zerogradient condition at x = 0 leads to a cosine expansion of the initial condition.
The pressure before infill is
where l p
This cosine series clearly shows that the boundary conditions before the infill time are satisfied. The time dependence of the pressure is controlled by α divided by
An alternate form of the solution, obtained most easily by Laplace Transform, is better suited for early times 7 :
We can obtain the average pressure p in the reservoir by integrating the pressure profile from x = 0 to x L = and then dividing by L:
Alternatively we can consider a "pressure" balance on the system. This is actually an energy balance where the energy density is p L / . Then the average pressure is the initial uniform pressure minus the "lost" pressure that has flowed out the boundary:
Inserting the pressure distribution given in (5) into (8) gives the average pressure on primary as The average pressure from the complimentary error function solution is most easily obtained using (9) . Then the average pressure is 
The ierfc function is negligible for large arguments (early times), so this equation
clearly shows that the average pressure initially drops linearly with the square root of time.
Primary After Infill
At the infill time, an infill well is drilled at x = 0, and the pressure is specified at both boundaries of the system. This set of boundary conditions leads to a sine series expansion of the original cosine series. We set t t = inf in (5) and use the result as the initial condition for a new set of side conditions to solve (1) . The initial condition is
The boundary conditions are specified as constant-pressure conditions by
Again by separation of variables, the solution to (1) is given by 
Oil Flow Rate Before Infill
The oil flow rate is proportional to the derivative of the pressure in the reservoir. The oil flow rate at the original primary wells is
where A is twice the area of the production well hydrofractures, with the factor of 
An alternate form that explicitly shows the early inverse square-root-of-time behavior is obtained by differentiating (7) as 
where the superscript (2) refers to the infill well.
Cumulative Oil Production
We are also interested in the total volume of oil that is produced from the original wells and the infill wells. The cumulative oil production up to some time t is given by
Before infill, the cumulative production at the primary wells is 
The ierfc function for large arguments is approximately zero; hence the summation term is negligible for early times.
At the infill time, the cumulative production at the original well is
After infill, the cumulative production at the original well is
(1) ,
Thus from the original production wells
At the infill well, the cumulative production is
Water Injection at Infill Well Finally, we investigate the effect of water injection at the infill well in order to repressurize the formation. This approach is admittedly approximate for water injection as it neglects the effect of incompressible Buckley-Leverett displacement of the oil by the injected water, as well as water imbibition. We assume the rock and fluid compressibilities continue to be the same as originally present in the formation. We then calculate the pressure in the system, the rate of injection and cumulative injection of water, and the rate and cumulative production of oil at the original well.
Because of the linearity of the equations, this water injection problem can be solved by superposition. We continue to calculate the pressure, flow rate, and cumulative production at the infill well using the equations previously discussed.
The total pressure, injection, and production will be the sum of the previous infill problem and the following injection problem. The equations for the water
For simplicity, we use the same hydraulic diffusivity α in this injection problem as in the previous infill problem to describe the compressibility of the formation and the fluids. The initial condition is The pressure at the infill well (now an injector) is prescribed as p inject and the pressure at the original production well is prescribed as p well .
We define a normalized pressure that scales the injection pressure to the original formation pressure:
The solution for the pressure in the formation only from water injection is 
Here the subscript w refers to water and the subscript inj indicates injection.
The cumulative water injection at the infill well from water injection alone is 
The oil production rate at the original well from only the water injection is
The cumulative oil production at the original well from the water injection is We now present the superposition equations necessary to calculate the net pressure, flow rates, and cumulative production after water injection begins. The linearity of the equations allows us to add the results of the infill problem to the results of the injection problem to get the total.
The total pressure in the formation is sum of the pressure calculated by the original solution for p and the solution for p inj :
After water injection begins at an infill well, there is no more oil production from this well. The net rate of water injection is given by the water injection rate from the injection problem minus the oil production rate calculated from the original infill problem,
= − >
We let Q o inj , ( ) 2 be the cumulative oil production at the infill well up until the time at which water injection begins. Then the net cumulative water injection is given
The net oil production rate at the original well q o
,
The net cumulative oil production at the original well is
COMPUTATIONAL EXAMPLE
As an example, we model a portion of Section 33 in the South Belridge diatomite field. This region can be divided into seven separate layers (diatomite cycles), each with its own material and fluid properties. For each layer, we assume that the initial producer spacing is 330 feet (2-1/2-acre), and the tip-to-tip length of the hydrofracture is also 330 feet. The properties of each layer are summarized in Table 1 . These data are averages of well log data taken at one-foot intervals through the reservoir column.
The depth is to the middle of each layer where the temperature and pressure are calculated. We assume that the layer pressure corresponds to the oil bubblepoint pressure for a particular layer. The bubblepoint pressure as a function of depth is then given by
The layer temperature is calculated from the average thermal gradient for the diatomite, which is given as To get a quantitative estimate of the productivity of a layer, we must calculate its α from the parameters listed in Table 2 . The relative permeabilities are calculated using the Stone II model discussed in Appendix A with the parameters given in Table 3 . The large variation in k ro leads to large variation in λ t and α. The viscosity and total compressibility decrease monotonically from the top layer to the bottom layer. 
in layer M
Layer K has the highest α and will react the fastest and produce well.
However, it is a thin layer with little oil in place, so the total volume will be small. We impose a backpressure of 50 psi on the producers. The original wells produce for 5 years (1825 days) or 10 years (3650 days), after which an infill well is drilled between them. After one year of production from the infill well, at 6 years (2190 days) or 11 years (4015 days), water is injected at p inject into the infill well, where
i.e., we assume maximum possible water injection pressure in each layer. Table 4 lists the other parameters used, which are independent of other layer properties. Layer K has a low cumulative production because it has little oil in place. except layer K, is the same so that the layers can be easily compared.
Each of the plots has five separate curves. The top curve, shown as a bold solid line, is the percent oil recovery from the original well, including the effect of the infill well and water injection. The upward trend at late times is from the extra oil produced by water injection. The normal solid line is the percent oil recovery at the original well with infill but without injection at the infill well. In most of the layers, the difference between recovery with and without injection is about 3 percent. In layer K the effect is rapid and large, because of the high α. However, we stress that much of the increased recovery in this layer at late times may be just from the injected water recirculated through the producer. Layers H and I show almost no effect of the water injection because of low oil saturation and low α.
This calculation shows that in the absence of Buckley-Leverett banking of oil, the incremental oil recovery from pressure support by water injection will be small.
Hence, in layers with a low oil saturation or unfavorable mobility ratio, one cannot expect a big waterflood response.
The first dotted curves show the percent oil recovery at the infill well where production starts from zero at the infill time. The "Infill (no injection)" curves in Figures 3 and 4 show the production if there were no injection, and the "Infill (with injection)" curves show the production with injection. These latter recovery curves (including water injection) become flat after water injection begins because no more oil is produced at the infill well. For most of the layers, a significant amount of oil production from the infill well is lost because of injection.
However, injection may be necessary to preserve the integrity of the formation and decrease well failure. Thus, producing from the infill well for two to five years before injection begins instead of just one may be better.
The water injection curve is the volume of water injected divided by the original oil in place in the layer times 100 to keep the units consistent. Even though the injection begins at about six years, the effect at the original wells is not seen until almost 20 years. Layer K shows the effect sooner, but layers H and I
show almost no effect of injection even at 50 years. The rate of water injection becomes constant at late times. The percent recovery rises linearly with time for late times, but appears to bend upward when plotted here versus the square root of time.
To further explain the figures, we specifically consider layer G. We see from In Figure 5A , the initial pressure in layer G is 350 psia and the pressure at the Layer K, shown in Figure 5C , has the highest α, and the pressure wave reaches the infill well position at five years. By 10 years the pressure has dropped enough so that oil production at the original well is also falling. After injection begins, the steady state is nearly reached in 15 to 20 years.
Layer M, shown in Figure 5D , appears very similar to layer G. Even though layers G and M have different properties, their α values are similar, which results in similar pressure responses.
COMPARISON WITH NUMERICAL SIMULATOR
We now compare the results of a single-layer analytical solution with a 1-D compositional simulation, using an industry standard simulator THERM 11 . As total oil production is a summation over the independent reservoir layers, this comparison is all that is needed to validate our analytical model. The numerical simulation is of primary production on 2-½ acres. As shown in Figures 6 and 7 , the two analyses give nearly the same results. The data for the simulation, shown in Table 5 , are for a deep layer, e.g., layer M, but with a moderate permeability and high oil saturation. The depth in the analytical solution was chosen to match the initial pressure in the simulation. The well flowing pressure is fixed at 100 psia in both cases. The only parameters that are different in the two calculations are k ro and µ, both of which are inputs in the analytical solution. 2. Our analysis is simplified and has many limiting assumptions. It is not meant to be a replacement for a reservoir simulation, but, being an analytical solution, it demonstrates the effects of the system parameters on the solution.
3. A single-layer analytic solution agrees well with a fully compositional numerical simulation.
4. The calculations presented here are for the South Belridge Diatomite and should give reasonable estimates of the diatomite layer productivities.
5. We give an estimate of when to drill an infill well and how long to produce from the infill well before converting it to an injector. Our analysis predicts that about 9% of OOIP can be recovered on 2-1/2-acre primary in a good portion of the South Belridge Diatomite. The infill to 1-1/4 acres, followed by a conversion of the infill well to a water injector, increases the ultimate recovery by another 3% of OOIP.
6. Hence, in the absence of a strong Buckley-Leverett banking of the oil and/or strong capillary imbibition, the effect of pressure support by water injection on the incremental oil recovery is weak. In lower quality reservoirs (layers or fields), the effect of waterflood may be small.
7.
Another important result is the quantification of reservoir heterogeneity. This analysis helps identify the good layers and those layers with fast pressure responses.
8. The current analysis gives a good estimate for the pressure, production rate, and cumulative production from original wells, with infill producers drilled at some later time and then converted to water injectors. Our model can predict the onset of pressure depletion and quantify the duration of production from the infill wells before injecting water.
9. We show that producing from the infill well for a few years significantly accelerates the production from the field and can minimize the loss of production at the infill well caused by conversion to a waterflood injector. 
The final expression for the oil relative permeability is 
